PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: December 11, 2007
REVISED: March 8, 2008
ACCEPTED: April 15, 2008
PUBLISHED: April 29, 2008

Notes on the Hamiltonian formulation of 3D
Yang-Mills theory

Masafumi Fukuma and Ken-Ichi Katayama

Department of Physics, Kyoto University,
Kyoto 606-8502, Japan
E-mail: tfukuma@g‘aug‘e .scphys.kyoto-u.ac. ‘]pl,

h{atayama@gauge .scphys.kyoto-u.ac. 1'd

Takao Suyama

Department of Physics, Seoul National University,
Seoul 151-747, Korea
E-mail: buyama@phya. snu.ac. kﬂ

ABSTRACT: Three-dimensional Yang-Mills theory is investigated in the Hamiltonian for-
malism based on the Karabali-Nair variable. A new algorithm is developed to obtain the
renormalized Hamiltonian by identifying local counterterms in Lagrangian with the use
of fictitious holomorphic symmetry existing in the framework with the KN variable. Our
algorithm is totally algebraic and enables one to calculate the ground state wave functional
recursively in gauge potentials. In particular, the Gaussian part thus calculated is shown
to coincide with that obtained by Leigh et al. Higher-order corrections to the Gaussian
part are also discussed.
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1. Introduction

Understanding nonperturbative aspects of Yang-Mills theory is one of the most important
themes in modern theoretical physics. It has been playing the role of theoretical arena where
many new ideas are tested. Also, in the attempts there have been obtained new analytical
tools, each of which in turn always has opened a way to vast area of new applications.

In the present paper, we investigate 3D Yang-Mills theory. This is certainly a simplified
toy model for a realistic 4D theory, but still shares many of essential features with 4D YM
theory, including infrared slavery, asymptotic freedom, color confinement and the existence
of mass gap. Furthermore, the 3D theory has physically meaningful degrees of freedom, as
opposed to more simplified 2D YM theory.

Recently there have been remarkable developments in the understanding of 3D YM
theory [fl, PJ. Among them is the study []] based on the Hamiltonian formalism with the
so-called Karabali-Nair (KN) variable [B, [l]. (For the analysis based on the Kogut-Susskind
Hamiltonian see, e.g., [{].)

The KN variable is a sort of Bars’ corner variable [[f], which is local and gauge-invariant.
tional of 3D pure SU(N) YM theory, and determined its behaviors at the IR and UV
regimes. They obtained the string tensions for finite N’s, which are in good agreement
with lattice results [§]. Recently, with a few Ansiitze Leigh, Minic and Yelnikov [fl] deter-

In their original papers [f], Karabali, Kim and Nair investigated the vacuum wave func-

mined completely the Gaussian part of the vacuum wave functional in the 't Hooft limit,



and obtained glueball mass spectrum. Their arguments are somehow intriguing, but the
obtained spectrum exhibits excellent agreement with lattice data [§].

As will be reviewed briefly in section 2, the most subtle part in the discussions of
Leigh et al. is the renormalization of the Schrodinger equation, to remove divergences which
always arise when two successive local variations act on the wave functional. This is usually
carried out term by term on all possible terms in the wave functional, as was done in [[f].

In the present paper, we propose a new algorithm to obtain the renormalized
Schrodinger equation, which is certainly effective in the 't Hooft limit. We heavily use
the fictitious holomorphic symmetry [B, fl] existing in the framework based on the KN vari-
able, and determine the possible local counterterms for the Lagrangian rewritten in terms
of the KN variable. Then, in the 't Hooft limit the Schroéinger equation simply becomes
the Hamilton-Jacobi equation for the resulting effective Lagrangian.

The equation thus obtained actually has a different form from the original one of
Karabali and Nair, but for the Gaussian part of the ground state wave functional it gives
the same result with that of Leigh et al. We believe that this gives a justification for
their result. Since our equation is totally algebraic and easy to solve recursively in gauge
potentials, one can easily determine higher-order corrections to the Gaussian part, as will
be demonstrated in section [l. Inclusion of other fields and application to deconstructing
4D YM theory will be reported in our subsequent papers.

The present paper is organized as follows. In section 2 we review the framework
of Karabali, Kim and Nair [[J], and stress the importance of local counterterms which
may appear when the product of variations in the Hamiltonian are normal-ordered. In
section 3 we introduce a new algorithm to calculate such local counterterms, restarting
from the bare Lagrangian rewritten in terms of the KN variable. We show that the form
of local counterterms are almost determined by a simple reasoning based on dimensions
and holomorphic invariance. We expect that this is the simplest method to obtain them
in the 't Hooft limit. We then write down the equation that determines wave functionals.
In section 4 we show that our equation can be solved recursively in gauge potentials to
give the ground state wave functional. We further show that the resulting Gaussian part
coincides with that of Leigh et al. Higher-order corrections to the Gaussian part are also
discussed. Section 5 is devoted to conclusions and outlook. A few appendices are added
where detailed explanations are provided for some formulas used in text.

2. 3D Yang-Mills theory and Karabali-Nair variable

We consider 3D Yang-Mills theory with gauge group G = SU(N). Spacetime coordinates
are denoted by x = (2#) = (x,t) with & = (2',2?), and gauge potentials by traceless
antihermitian matrices belonging to su(V),

1

Ap() = St Af () = —Al (), (2.1)
1
Fyu () = —t"F, (w) = [0+ Au(), 9, + Ay(z)] = —F}, (2)
(Fg, = 0,A% — 9,A% + AL AS). (2.2)



Here the hermitian matrices t* (a = 1,...,N? — 1) are normalized as tr %’ = (1/2) 6%,
so that fecdfbed — N§® for [t7,tP] = if®¢°. Note that for X = (1/i)t*X®
and YV = (1/i)t2ve, [X,¥] = (1/i)t[X,Y]e with [X,Y]e = foexbye and
(X, "] = t%(adX)® with (adX)™ = foPX¢. We also denote X -Y = XY = —2tr(XY).
We often write X - X as X2.

We take the temporal gauge, Ag(x) = 0, after which there only exists the residual gauge
symmetry, A;(z,t) — g~ (z) Ai(z,t) g(x) (i = 1,2) with g(z) € G = SU(N). In order to
define the Karabali-Nair (KN) variable from the remaining gauge potentials A;(x,t), we

1

first introduce complex coordinates z = x! + iz, Z = 2! — i2? and often write them as

x = (z,Z). They give
1 , = 1 .
0=0, = 5(81 —i09), 0=0; = 5(81 +i0s), (2.3)
and accordingly, we combine the gauge potentials as

(A1 (z) — ids(x)), (2.4)

(A1(z) +ida(z)) = —Al(z). (2.5)

N =N =

There always exists a matrix-valued function V(z) € G = SL(N, C) such that
A=-9vivi—t  A=v1ov (=-47). (2.6)
One can easily show that V' is unique up to the left multiplication of a holomorphic matrix:
V(z,z,t) — h(z,t) V(z,2,t) (h(z,t) € SL(N,C)), (2.7)

while the right multiplication of a time-independent SU(N) matrix corresponds to a
residual gauge transformation under the temporal gauge:

V(z,2,t) = V(z,%,1) g(2,2)  (9(z,2) € SUN))
(A —g 'Ag+g 09, A—gltAg+ 9‘159). (2.8)

Theory thus must be invariant under
V(z,z,t) = h(z,t) V(z,%,1) g(2,2) (h(z,t) € SL(N,C), g(z,%) € SUN)). (2.9)

The KN variable [{] is then defined by

H(z) =V(z)Vix). (2.10)

This is a gauge-invariant, local variable, and transforms under the holomorphic transfor-
mation (R.7) as

H(z,%,t) — h(z,t) H(z, 7,t) h(2, 1) (ﬁ(z,t) = (h(z,t))*) : (2.11)



With the KN variable, the gauge potentials are written as

A=Vov+vlgy, (2.12)
A=Vv"1ov, (2.13)

where the hermitian connection J(z) is defined by1
=—-0HH"™ (2.14)
This transforms under the holomorphic transformations (R.7) as
T(z,2,t) — h(z,t) T (2,Z,t) h =1 (z,t) + h(z,t) Oh (2, 1). (2.15)

Equation (2.8) gives the local change of variables from (A, A) to (V, V1), while eqs. (2I2)-

(2.14) should be regarded as defining the local change of variables from (4, A) to (V, H),

not to (V, J). This is because the latter viewpoint does not reflect the relation A = — AT,
The Hamiltonian under the temporal gauge, Ay = 0, is then given formally by

He [ Lt ] (216)

Using the Gauss law operator

A 1) ab 0 ab o
A = (adD; = (adD,) ——— dDz)" ———, 2.1
(@) = (D))" @)~ A ey (D) g (2.17)
we have §/6A = (adDz)™! (—adD. §/6A —I—f) Setting D = 0 + J, we have
adD, =V~ tadD V, adD; =V~ 1add V, (2.18)
o 1,10 O iy amy -1 0 15
54 % 57 SA = V™ (ad0) adDéj + (adDz)" I, (2.19)

where V(z) = (V®(x)) represents AdV(x), V(z)t*V~l(x) = t*V®(x). Thus, when
acting on gauge-invariant wave functionals (f = 0), the Hamiltonian becomes

2
g° 6 = _ 1) 2
= / |:55ja . (ad@) 1 adDabé—ﬂ — —2(8._7[1) :| (220)
This bare Hamiltonian has only a formal sense because it always gives rise to a short-
distance singularity (o< 62(0)) when acting on a local functional of J (), and thus needs
to be normal-ordered. By writing the wave functional as

2r N
w17 (@)] = exp | S Pl (2.21)
the Schrodinger equation becomes
2
P [ i, w5 6P,
fE_/ [+4m2 57 (add)~' adD 5j N 5j - (add) ™! adD5j (0T) ], (2.22)

!This J(z) differs from the original hermitian connection J(x) introduced by Karabali and Nair [E] by
a multiplicative factor as J(z) = —(w/N) J(x).



where m is the (dimensionful) 't Hooft coupling constant, m = g N/27 . The second term
on the right-hand side is seemingly of order 1/N but cannot be neglected even in the 't
Hooft limit (N — oo with m fixed finite). This is because counterterms coming from planar
diagrams are accompanied by the sum over loop index of order N so that the net result
can be of order N° = (1/N) x N. Note that such additional terms should be local since
they stem from short-distance singularities. Once such local counterterms are extracted,?
the second term can be neglected safely in the 't Hooft limit.

One can guess the form of the local counterterms. We first note that finite local
counterterms in the Hamiltonian formalism will appear when two successive functional
derivatives are applied to the same exponent (of the form N tr (something)) or when the
functional derivative acts on a regulator. Thus, the finite local counterterms in the Hamil-
tonian, Hiee = —(9%/2) [[(6/6A%)?],. ., will take the form Hy,. ~ g°N [[Nf(A,0;A) +
f(A,0;A)5/6A%],® and will not include terms proportional to (§/642)% This can be
thought of as a correction to the original Lagrangian, whose form will be roughly esti-
mated (using the relation F; = (1/4)0/64; ~ (1/¢%)A; although this should be modified

after inclusion of time-derivative terms) as
Lige ~ g°N* f(A,0;4) +iN A} f(A, 0;4) (2.23)

with no terms proportional to Af This expression will hold even when the theory is
rewritten with the KN variable, so that we expect that the main part of the £j,. consists
of dimension-two terms which does not include time derivatives (recall that g? N has mass
dimension one) and dimension-three terms which is linear in the time derivative of a field.

3. Effective Hamiltonian method

Usually the renormalization in the Hamiltonian formalism is carried out with the following
steps:

1. Start from a given bare Lagrangian
2. Obtain the classical Hamiltonian

3. Solve the Schrodinger equation

The third step needs renormalizing the wave functional term by term, which is actually a
cumbersome procedure to carry out.

Since we only need to extract finite local counterterms, the following algorithm to
obtain the renormalized effective Hamiltonian turns out to be possible:

1. Start from a given bare Lagrangian

?Karabali and Nair claimed that there should arise an additional term in () as (1/2) [, JT-0P/6T [ﬁ]
This agrees with our renormalized Hamiltonian (to be given later) in the IR limit. Further discussions on
this point will be given at the end of section 3.

3The overall N comes from the loop-index sum, and the N in the parenthesis comes from the exponent.



2. Find the effective Lagrangian including finite local counterterms
3. Solve the Hamilton-Jacobi equation for the effective Hamiltonian

As opposed to usual quantum field theories in four dimensions, the second step is actually
manageable since 3D gauge theory is super renormalizable; local counterterms can be
controlled in the 't Hooft limit simply by a symmetry argument and dimensional analysis,
as we see below.

We again start from the Lagrangian

1 2 1 a 2
Lym = 2—g2tr(FHV) = —@(Fuu)
1 a a2 a2
=57 (A7 = Dy, Ag))* = (B%)?] (3.1)
and consider the partition function
_ [dAL]  isymiaLl
Z= / Vol(gauge) ¢ ' (32)

We take the temporal gauge Ag(x) = 0, which leads to

_ [dA,] " e
7= / Vol(res. gauge) Det (0AF /0w|w=0) 6[Ao] € "

B [dA1d Ay 1/2( 52\ ,iSym[A1,Az]
_/Vol(res. gauge) Det(d) e 3

with
1 .
SYM[Ala AQ] = /d3x @ (Alz — B2). (34)
With the change of variables (R.12)—(P.14), we have

A=V (6T + [D,6VV)V
=V Y([D,-6HH'| + [D,sVV ')V,
A=Vt a(vvh vV,

where —6V V™! and —0H H~! are the Maurer-Cartan form, and we denote wy =
-0,V V1. The metric over the functional space then becomes

16AGA| = —/tréAcSA

= / tr[(Wv—l—(1/2)A—15adD5HH—1) A (VVTI—(1/2)A" 0adDSHH ™)

— (1/4)SHH™" - adDadd A~ ad Dadd 5HH—1] , (3.7)
where A is the Laplacian in the adjoint representation:*
1 _ _
=3 (adD add + add adD). (3.8)

4In the following ad 0 will often be abbreviated as 9.



The Haar measures of V and H are given by ||6V|* = —ftr(éVV‘l)2 and |[§H|> =

— f tr (5H H _1)2, respectively, and thus the functional measure becomes®
[dAdA] = [dVdH] - Det(—addadD). (3.9)
We also have
A=V"1(J - [D,w])V, (3.10)
A=v7" (=dwy) V. (3.11)

Putting everything together, we obtain

Z = / % Det!/2(03) - Det(—add adD) - e'olo7] (3.12)
with
/d3 . D, wy)) ,ng+4(5J)2}
2g B [ dwy - Awp — 40wy - T + 4 (0T) ] (3.13)

One can easily see that Sy is invariant under the time-dependent holomorphic transforma-
tion (R.3)-(B13), since wy transforms as wy — hwoh™ ' — hh™', so that J — [D,wo] —
h(J — [D,wo]) b1

The Jacobian factor has the expected form eV *tr(something) 51 4 thus the effective action

with local counterterms will take the following form in the 't Hooft limit:

S = Solwo, H] + Sioc|wo, H] (3.14)
with®
Sloc = / d*x Lioe(wo, H, 0, H)
= [#oN[@NPL + (PNILD 4 NP+ GNP (1)
Note that the finite local counterterms Sj,. can depend also on wy = —VV~! because it

is invariant under time-independent (residual) gauge transformations. We have assigned
dimensions to the fields as [wo] = 1, [H] = 0 (thus [J] = 1), and demand S, to have the

®The measure [dVdH] (H = VVT) is a natural extension of the area element dx A dy written in terms
of the complex coordinate z = z 4+ iy = re* and its absolute square 12 = |z|%:

/[dzd ——?{dz/ /d:c/\dy...).

SThere can actually be a dimension-four local counterterm, which corresponds to the counterterm to
(1/292) tr Fiu. We assume that the renormalization of g2 is already performed before the following discus-
sions are made.



same symmetries with those of the original theory. That is, we require that S, be invariant
under C, P (and thus T') as well as (time-dependent) holomorphic transformations.

One can easily check that neither dimensionless nor dimension-one terms can contain
nontrivial differential polynomials of the fields, so that we have El(g) —0and £ = 0.

¢ loc

(2)/ x OHH Y- 0HH~! satisfies

As for dimension-two local counterterms, we find that £,

the C and P invariance (see appendix [A]). This term itself, however, is not invariant under

holomorphic transformations (B.1]) since each of the pieces 9HH ' and 9HH ' does not
transform homogeneously,

OHH™' — hoHH 'h™' +ohh™!, (3.16)
OHH™' — hOHH 'h™' + HOhh'H L. (3.17)

An important point is that the inhomogeneous terms, Ohh™' and H Ohh~*H~!, belong
to the zero modes of the operator ad (= d) and ad D, respectively, and thus, those pieces
can be completed such as to transform homogeneously if we subtract proper zero modes
from them:

[0H H 'y = = 0(0H H™), [5HH‘1]holz$adD(5HH_l), (3.18)

QI —

where the inverse of an operator is defined for its part without zero modes. We further note
that there is a subtlety for such dimension-two terms (related to gauge mass terms) because
inclusion of IR regulator can also give a finite (generically nonlocal) term. Expecting that
the remover of unnecessary zero modes is supplied by a proper IR regulator, we set the
dimension-two “local” counterterms to be’

£(2) =

2 % 5(8HH—1)-LadD(5HH—1), (3.19)

-1 19 -1 R
[OH H™  Jhol - [0H H™ 'Jpol adD

B
82

QI —

where 3 is a certain constant to be fixed later. By using the definition J = —9H H~! and
the formula 67 = —adD (6H H™1), El(f) can be further rewritten as

C

(2) 6 1= 1 =
=2 97 -——dJ. 2
Lioe=35259 9597 (3.20)
The dimension-three term is found to be
El(gg =1 2& HH™'-0J (aisa certain constant to be fixed later). (3.21)
7r

This is actually invariant under C' and P (and thus 7)) (see appendix [A]), and is also
invariant under (time-dependent) holomorphic transformations up to total derivatives:

HH™'.07 — HH - 87 —2dtr(hTh™") + 28tr(/;1/_1_1H_15H)- (3.22)

Since HH~! can be written formally as HH ' = —(adD)~'7, the local counterterm could
be expressed in terms of J as £® = (/27 (adD)~1T - DT .

loc

" Another way of saying this would be that we introduce an IR regulator which removes the zero modes
of the Laplacian A = (1/2) (adD5 + 5adD) from the Hilbert space. Note that in such Hilbert space, one
can adopt the formal relations, 070 =1 =090~ and (adD) 'adD =1 = adD (adD)~".



We thus conclude that the “local” counterterms are given by

2 N2
+£(3>} _ 5%5—15J.(adD)—léj—ia%(adD)‘lj-57. (3.23)

loc loc

Lloc = N|:g2N£(2)

Note that this has the expected form (R.23). At the present stage, this is simply a working
hypothesis and should be justified only by directly calculating the functional determinants

in (B.12), which we could not have done yet.
The effective Lagrangian thus becomes

ﬁ = ﬁo + Eloc
=2 e+ (- D via X ap) 197
g g 2

9*N
82

2
+ 3 071dT - (adD)" 10T + 9—22 (0T)2. (3.24)

The canonical momenta are calculated as

o 4 2
oL 2. N L
Ty = EY A Owg + i o (adD)™0J, (3.26)

from which the (renormalized) effective Hamiltonian density H = my - wg + 77 - J — L is
obtained to be

[

_ 9 5 N (adD)187) -
H=—T0 (mj+a2ﬂ (adD) ay) I
2 2772
QN——1—‘- E -15 _QN——1—‘ -15 _z— 2
+al =007 (mjw% (adD) 8j> 07107 - (D) 10T — 5(07)
_ T ing T+a g°N ((adD)—léj 9T+ 5710T - mj) _ 209
2 47 g2
g2N2 o _
+(a® = ) 82 07107 - (adD)™19J. (3.27)
Here Z%(x) is the holomorphic Gauss-law operator that generates holomorphic transfor-
mations:
7%x) = (adD)®(ix%)(x) = (adD)? 0 (3.28)

with (adD)® = 69 + fob7¢(x) . In appendix [ we show that the change of vari-
ables (R.12)-(R.14) leads to the following identity for a gauge-invariant functional P[J (z)]
which is written with original variables as P[7 (x)] = P[A(z), A(x)):

T%x) P[J] = -0 <V“b(az) %) , (3.29)



where V% (z) is again a matrix element of AdV (z): V(x)t*V~1(x) = t*V%®(z).® Thus,
the Hamilton-Jacobi equation for the wave functional

¥17(@)] = exp | oy Pl (@) (3.30)
becomes
2 o - > o - - -
Lk = /[— <Z (adD)8T + ﬁ §_§> .v% + 257107 §—§ — (07)°
+ (o = B3) m{ 07107 - (adD) 10T (m = g?N/2m) (3.31)

In appendix |B we further show that the operators

_ _ ) a 5 ac_ 0

N= - [wap)or v, = ‘/a,,y(<adD>‘1) (@) 0T WV s (33)
_ (515, 9

N:/a 0T 5= (3.33)

count the number of 9 and D, respectively, in the gauge-invariant functional on which
they act. That is, when P[J] is expanded as a formal Laurent series in d and D, the
operators N' and N act linearly on each term in the expansion and return its orders
in 0 and D, respectively. For example, on P[J] =Y, ¢, [0J - (adD)"dJ, they act as
NPT =Y, 2, [0T-(adD)"0J and NP[J]| =3, (n+2)c, [ 0T -(adD)"0J. We have
used the relation 07 = [0, D]. Note that the operators A" and A are parity-conjugates to
each other and have a definite meaning that is invariant under holomorphic transformations.

One can see that the last term in (B.3])) leads to an IR divergence in the gauge invariant
sector since 0J represents the field-strength, 07 = (—i/2) V F;2V 1. We thus set 3 = o?
and drop the term in the following discussions. The final form of the Hamiltonian density

and the corresponding H-J equation thus become?

2 2
T i i I G T GG ET i) — 2 (72
H=—L 07 ing - T+a?z ((adD) 87 -9\ T+0710T mj) FICRNCED

1 6P _ 6P -

g NPy NP 27)? = g>N/2 3.35
S p=xpil ‘/mﬁ o (m=g’N/2r).  (3.35)

We conclude this section with a comment on the value of «. The preceding discussions
do not fix the actual value of a. For example, the removal of the IR divergence can be

¥Note that V = (V) is an orthogonal matrix, (VX) - (VY) =X -Y.
9 Another possibility for dimension-three local counterterm other than () could be to take the
WZ-like term:

L3 = const tr(HH ' [0HH™*,0H H™']).

loc

This is actually invariant under (time-dependent) holomorphic transformations because infinitesimal
holomorphic transformations (actually any local changes of variable) give total derivatives. One can easily
check that this is also invariant under C' and P (and thus T') (see appendix @) We expect that it yields the
same Hamiltonian with () when rewritten in terms of 7 together with a proper IR cutoff corresponding
to this local counterterm.

— 10 —



performed for any value of a (when 3 = o?). Although a should be determined by directly
evaluating the functional determinants in (B.12), this can be fixed by comparing our local
counterterms with the finite corrections obtained by Karabali and Nair in their original
Hamiltonian formalism [J]. To see this, we first notice that in spin-0 wave functionals, O
always appears with the combination 7 = [0, D] or in the form of A = (1/2)(adD 9 +
5adD). Thus, our operator A can also be interpreted as counting the number of D (i.e.
N = N), or the number of J if we neglect d in D = 9 + J in the IR limit; N’ = N ~
[J-6/6J (IR). Then (B.35) in the IR regime agrees with the one originally obtained
by Karabali and Nair using the heat kernel regularization [f] if we take o = 1. We set
a = 3 =1 in the following argument.

4. Ground state wave functional

In this section, we solve the H-J equation for the ground state wave functional W[ 7 (x)] =
exp| (27 N/(g*N)?) PLT ()],

1 6P _ 6P 9

1 - 1 _
= NP+-NP-— Ty 4.1
0= NP+IN /[4m25j V5A+(8J) (4.1)
4.1 Preparations
We expand the functional P[J] as
N |

Here P,[J] (n > 2) is a holomorphic invariant functional whose order in J is at least n.
For example,

R[] = /aj.K(%>8j: /[ay«(%@) 8‘7+O(‘73)} (4.3)

is the Gaussian part augmented with higher order terms in J such that it becomes holo-
morphic invariant. This can be rewritten in terms of the original gauge potentials as

A L
BT = / D.. D) -K<W>[DZ,DZ] = By[A, A, (4.4)
where A is the Laplacian with respect to the original gauge potentials:
~ 1
= §(adDz adD; + adD; adD,) = (AdV) ™' A AdV. (4.5)

Since P,[J] is holomorphic invariant, it must be constructed only from 07 and A =
(1/2)(0D + D), and thus, when §/67 acts on P,[7], we only need to consider two cases:
one is when it hits on 07 in P,[J] and the other is on A. Both cases can be easily dealt
with by using the following formulas:

5 [ A

%/AX—Y:%([@X,Y]—[X,@Y]), (4.7)

— 11 -



the latter of which can be derived as
6J/AX-Y: %/(adéj-éJré-adaJ)X-Y:/5j- %([5}(,1/] — [X,0Y]). (4.8)

Note that the former case (when §/67 hits on 0.7) necessarily reduces the order of the
functional in J by one, while the latter (when §/d7 hits on A) does not change the order.
This observation leads to the formula:

B[R] [B] _ poPu [P,
W‘[ML*[ML‘ aaaj*[wh (4.9)

Similar analysis can be made for V §/6A acting on P[J] = P[A, A]. We then obtain the
following formulas:

X = DZ,D —adD X =adD—— X (4.1

/aj VM/ ad <ad &)j/aj > 0)

which are derived as
5A/[DZ,DZ]-X /[mp /5A D, -X]. (4.12)

1
5A/AX Y =2 /(ad(?AadD + adD,addA)X

([adD X,Y] — [X,adDY]), (4.11)

N =

/ 64 ([adD.X,¥] - [X,2dD.Y] ) (4.13)

We also have a formula similar to ([L.9),

5P, [..6P, 5P, 5P, [..6P,
_ [,08 o 9T 4.14
Via [V oA L_l * {V oA } 507 {V 54 ] (4.14)

For example, on P[] = > (K,/m*")0,, with O, = [dJ - A"0J, the operators §/6J
and V §/5A act as (setting L = A/m?):

=l [

0T 6T, T
with [%L:—Qél{@)éa [52} i%nﬁt [0A™0 T, A" 107], (4.15)
and

VI _[aR) L[of) 10
with [V%L:%LdDK(L)éj, [ OF: 2} ?:O:L Z WI;’; [adDA™OT, A" 197].
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4.2 (zaussian part

After making rather lengthy preparations presented above, we are now in a position to
calculate P,[J] (n > 2). First, by using (f.1§) and ([LI), the holomorphic-invariant
O(J?) part in ([£]]) is expressed as

_lap e L [[9R] [L0R]  [50e 3
0= 1P NP [|52] V2] - [@gr o
= %NPQ + ENP2 —/5J-LK2(L) 5J—/(5J)2 +O(T%). (4.17)

For K(L) =3, K,L" with L = A/m?

N
N/ajK L)8J = NZK/@j( >8j Zn+2K/8j <—2> N

acts as!?

/ 0J - (L— +2> (L)0J. (4.18)
The action of A is the same with that of A/ for functionals of spin zero.
N / 57 - K(L)aJ — / 87 - (LdiL + 2) K(L)3J. (4.19)

Thus, collecting the coefficients of J?2 terms in (f:I7), we obtain the differential equation
for the kernel K (L),

<2 LdiL + 1>K(L) — LK*(L) - 1=0, (4.20)

which certainly reproduces the result of Leigh et al. [fl].
Once the equation ([.2() is obtained, one can derive all the results in [[I] with the same
logic. First, the equation has a normalizable solution

1 JL(4VI)

KL =78 7y

(4.21)

which has the following asymptotic form:

R e

Thus, the ground-state wave functional behaves in the IR and UV regions as

\I’IR:eXP[%/m(aj(w))2+“':|

= o~ o [ (Fata? +o-]. (1.23)

°This gives a justification for the rule given by Leigh et al. (see appendix A of []), where (j.19) is
assumed to hold as a consequence of complicated normal orderings in subject to successive variations in the
Schrédinger equation. Note that their operator [J-8/87 is replaced by (N +A)/2 in our framework, where
we assume that any necessary normal orderings are already taken care of by adding local counterterms to

Lagrangian.
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2/mF12(:c) iaz Fia() + - } (1.24)

The UV wave functional reproduces that of massless free gluons. The vev of a large Wilson
loop, on the other hand, can be evaluated with the use of ¥y as

(trpem§4) ~ / [dA(z)dA(z)] trPe= 4 w2

= /[dA(a:)dA(w)] tr Pe~ $4 . e~ (7/9"N) [o(Fia(@))*+ .. (4.25)

This is nothing but the Wilson loop average of 2D YM with 2D gauge coupling g3 =
g*N/2m = mg?. As was first pointed out by Karabali et al. [ff], the string tension of 3D
pure YM theory is then calculated from the known value of the string tension of 2D YM
theory [[] as o = g3 (N? —1)/4N = ¢g* (N? — 1)/8, i.e.

\/7 — 2 m N — oo (4.26)

The computation of 3D glueball masses could be carried out in the same way as in [fl].

4.3 Higher-order corrections

As for the O(J?) part, we have the equation

1. 1
0= GNP+ NPy (4.27)

P [0, LR [oB) [oB, 1om, 4
"/([&7] [V5A+m2V5A] [VéA] [5J+m25J]2>+0(j)

:ngg—F—NPg

oo n—1
1 0P
— [ (- [adD A™0F, A"""19 adD—= >
[orno0) (23 Tlaan arag, a107] + padd i
oo n—1 (5P3
— [ (adD K (L) ( T — >+O(j4)
/ ZZ 20557
oo oo [—1
1 1 K. K,
VP g - [ (2007 L2+ Y Y T o) + 01T,
k=0 [=0 m=0

where we have introduced the operators

Ok tm= /Akaj (0[adDA'DT, A"0T] +adD[A™0T,0A'0T]) (k,1,m >0).  (4.28)

— 14 —



They are totally symmetric with respect to their indices up to O(J%). Actually,
[adDA'OT, A™0T] + adD[A™T,0A0T])

[adDA'DT, 0A™0T] + [adDA™IT,0A0T]) + O(T*)

(0
(
/ ARDT - ([adDA™DT,DAIDT] + [adDADT,0A™DT]) + O(TY)
/ ARDT - (B[adDA™DT, A7) +adD[ADT,DA™DT]) + O(T*)
= Op,ma + O(TY), (4.29)
Opim = / ARGT - (B[DAET, ABT] + adD[A™ET, 5AET))
/ (adDA'GT - (9807, A™3T] +OAGT - [~adDARGT, A0 7] )
- / AT - (adD[A™DT,OARDT] + BladDAFST, A™DT))
= O (4.30)

Equations (f.27) and (f.2§) motivate us to set P3 to be in the following form:

di; 1,m
Py=3, At ) Okdim (4.31)
kim

with totally symmetric coefficients dj, ;. Then, up to O(J*) terms, each part in (£.27) is
rewritten into the following form:

Y k+1+m+4
NP3 = NP3 = Z (m2(k+l+m+l) )dk,l,mok,l,my (432)
kim
0P K dy, JLm n 5Ok,l,m
/ (L)07 - Léaj Z Z m2(n+k+i+m+2) /A 0T - A 50T (4.33)
Kndy,1m
- Z Z 2k m+2) (Oktnt1,1m + Okigntt,m + Ok timin+1)
n kilm
K,
= Z Z m(dk 1—ndim + dki—1—nm + Ak im—1-n) Ok im
S w kil KK, 1
— +m+
2.2 ZO i Orntmn = 2 st Ok (4.34)

1 Z (K Kiymy1 + K1 Kt g1 + Kka+l+1)O
— 3 Z m2(k++m+1) klm-
b 7m

Collecting the coefficients of Oy ,,, we obtain the recursion equations for dj ; n,:
0= (k +1l+m+ 4)dk,l,m - 2<Z Kndk—l—n,l,m + Z Kndk,l—l—n,m + Z Kndk,l,m—l—n>
n n n

1
—3 (KrKiymi1 + KiEK i1 + KmKiqig1), (4.35)
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which can actually be solved recursively for the increasing ordering in the sum of indices,
k+ 1+ m, with the initial condition dy o = (1/4)K; = 1/6. One can easily check that this
recursion equations are equivalent to the following differential equation for the generating
function D(Ly, Ly, L) = 3y dktimL1¥ Lo' Ls™:

[Ll (8%1 - 2K(L1)> + Ly (aim - 2K(L2)> + Ls <a%3 - 2K(L3)> + 4} D(Ly, Ly, L)

_ %(K(Ll)%+mm)%+m@)w> (4.36)

Calculation of O(J*) part can also be performed in a similar way.

We conclude this section with a comment on the glueball mass calculations carried
out by Leigh et al. [[[, who set the Ansatz that the vacuum wave functional is Gaussian.
Although the obtained results are in excellent agreement with lattice data [§, we have seen
above that there exist nonvanishing corrections to the Gaussian part, so that there must
be some explanation why the Gaussian Ansatz gives a good approximation. We still do not
have a satisfying answer for that yet, but we expect that higher-order corrections will take
the form of integrating a rational function of Bessel functions, which will get suppressed
strongly due to the cancellation in oscillating integrals.

5. Conclusions and outlook

In this paper we proposed a new method to analyze 3D Yang-Mills theory in the 't Hooft
limit based on the effective Lagrangian and holomorphic symmetry. We wrote down
the equation which determines the wave functional, and showed that it can be solved
recursively in J. We gave sample calculations for the Gaussian and O(J?) parts of the
ground state wave functional, and showed that the Gaussian part reproduces the result
obtained by Leigh et al. [l].

There are many things that should be carried out. First of all, we need to elaborate the
analysis itself, especially to further clarify the origin of the local counterterms and to deter-
mine the coefficient a in (B.35) by directly evaluating the functional determinants in (B.19).

Other possible directions are to consider finite size effects in the present framework, and
also to include many other fields including scalars and fermions in various representations.
Among them, the inclusion of adjoint scalars should be particularly interesting, since it
can be used to construct 4D YM theory via deconstruction [[J]. Investigations along the
above line is now in progress and will be reported in our future communication [[{].

Acknowledgments

The authors thank Antal Jevicki, Tetsuya Omnogi, Tadashi Takayanagi and Alyosha
Zamolodchikov for useful discussions. A preliminary result of part of the present arti-
cle was announced by M.F. at the YITP workshop YITP-W-07-05 on “String Theory and
Quantum Field Theory,” August 6-10, 2007. He thanks the participants, especially Hiroshi
Suzuki, for useful discussions. This work was supported in part by the Grant-in-Aid for the

— 16 —



A A o0 0 H J|dJ D A
J(spin) | +1 -1 +1 -1 0 +1| 0 41 0

Table 1: Spin assignment.

21st Century COE “Center for Diversity and Universality in Physics” from the Ministry
of Education, Culture, Sports, Science and Technology (MEXT) of Japan. M.F. is also
supported by the Grant-in-Aid for Scientific Research No. 19540288 from MEXT.

A. JFC
We summarize the quantum numbers assigned to fields.
J. A field ®(z,z) is said to have spin J when it transforms as
P'(2,2) = 0 B(e2,e777). (A.1)

This definition leads to the spin assignment listed in table [l

P. Parity transformation is defined as (2!, 2?) L8 (x!, —2?) or
_ P _
x=(z,z,t) — xp=(Z,2,1), (A.2)

under which the original gauge potentials A(z) and A(z) transform as

A@) = Awp) (A.3)
A(z) & A(zp). (A.4)

This gives
Vie) 5 Vilap) = H@) 5 H ap) (A.5)

and

wolz) L + (H (wo+ HH ") H)(zp) (A.6)
J@) L + (H'0H)(xp) (A.7)
0J(x) L — (H'0J H)(xp), (A.8)

which show that the matrix HH 197 transforms as

HH'07(x) & + (H'HH™'07 H)(xp). (A.9)
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C. Charge conjugation is defined for the original gauge potentials A(x) and A(x) as

Auz) & — Al() (A.10)
Au(z) & = Al(a). (A.11)
This gives
Vi) & (V@) = H@) S (HY) (@) (A12)
and
wo(z) & — wl(x) (A.13)
J) S - 7% (A.14)
07 (x) & — a7 (2), (A.15)
which show that the matrix HH 187 transforms as
HH'97(x) & (07 HH™)"(x). (A.16)

B. Holomorphic Gauss-law operator Z¢(x)

We collect properties of the holomorphic Gauss-law operator defined in (jB.2§),

0
3Jb(x)’

7% x) = (adD)® (B.1)
where (adD)® = §%9 + fob 7¢(x). The following statements actually hold for arbitrary
finite N.

We first show that under the change of variables (R.13)—(R.14) the variations transform

aSH
b )
i—v—l( do)~! 4+ (B.3)
5A 0 ow )’ ‘

where dw(x) = —0V (z) V~!(z), and V(x) = (V*(z)) is the matrix representing Ad V (z);
V(z)t'Vl(x) = t* Ve (x).

Proof. In general, when a set of fields {®;(x)} are (locally) transformed to another set

{¢1(2)} as

0®1(@) = D1y 6¢s(x), D= (Drj) = di.in(®) Dy, -~ s, (B.4)

11n text, ad O is usually abbreviated as 8. In the following, the variation with respect to H is always
rewritten in terms of J by using the relation 67 = —adD (0 H Hil).
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their variations are transformed as2

1) it 1)
spr(z) (BY)rs 50, (x)’ (B.5)
S [ipty o 5

where DI = Y (=1)"9;, ---0;, dF., (x). We apply this formula to the sets {®;} =

tn 1 ln

{A® A%} and {¢;} = {j“, w?} with dw® = —(§V V1), Equations (B.5) and (B.4) give

vt oo 1 —adD
D_(DIJ)— ( 0 V_1> (0 —adé)’ (B-7)
so that we obtain
1 0 Vo
Dt = _ B.
<adD ad@) (0 V)’ (B.8)
vt oo 1 0
pt-1 — - ~ . B.
( 0 y-! ) (-(ada)—ladD (ada)—l) (B-9)

Here we have used that V is orthogonal, (VT)™! = V, and ad D and ad d are anti-self-
adjoint, (ad D)’ = —ad D and (ad )" = —ad d. Substituting these into (B.§) and noting
that

adD, =V~ tadDV, adD;:=V"1dV, (B.10)
we obtain (B.2) and (BJ). [Q.E.D]

Note that the original Gauss-law operator that generates gauge transformations,

- 5 1)
7%x) = (adD, dD;)® ——— B.11
can be rewritten with new variables as
T7a _ -1 ab 4 _ -1
I%z) = (V' (=) 5P () (bw=—0VV). (B.12)

Thus, a functional is gauge-invariant when and only when it does not depend on V. Note
also that (B.d) implies that

L
A bw
Thus, for a gauge-invariant functional P[] = P[A, A] (with ZP = 0), we have

I=-addV = —adod V%+Vﬁ. (B.13)

IP= a(v g—i> (B.14)

12This can be proved by noting that the following holds for an arbitrary functional G[®]:
0G

5G[c1>]:/w5q>1(m) 551 (@) /w(Du 6pa(x /5¢J (D* I ) /5¢J
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This is the formula (B.29) used in text.
We now investigate properties of the operator defined in (B.39),

K== [@n) o7 v == [ (D)) ey 07 w) v (B.15)
x,y

§Ac(x)’
when it acts on a holomorphic invariant functional P[J] = P[A, A]. In general, P[J] can
be expressed as a formal Laurent series of 9 and D. Since N is a first-order functional
derivative, it obeys the chain rule as well as the linearity, and thus we only need to know
the behavior of A" when acting on a polynomial of @ and D of the same order, like

- / 07 - (adD)"8J (n € Z). (B.16)

In this example, the orders in d and D are 2 and n+2, respectively (recall that 07 = [0, D]).

We prove that A counts the order in O of each term in the Laurent series. We
first note that when rewriting P[J] as a functional of the original fields A and A (i.e.
P|J] = P[A, A]), d in P|J] is replaced by adD; = ad(d + A) in P[A, A]. This is the only
possible way for A to appear in a gauge-invariant way. For example, the polynomial (B.1¢)
is rewritten as

Pmmz/wum«mmwmﬂA (B.17)

Due to the fact that the operator A is a first-order functional derivative with respect
to A and also that it obeys the chain rule, the behavior of the operator N acting on a
functional of P[J] = P[A, A] can be known once we understand how the operator acts on
a functional of simpler form

PlA /X 5+ 4,7
/ Y with X =V-'X and ¥V = V- 1Y) (B.18)

with X and YV being independent of A. We emphasize again that this simplified functional
is a representative of the part on which the variation 6/6A acts. It is thus sufficient to
show that A'/P’ = +P’, which will be proved as follows.

We first notice that

NP:—/wwr%jw%%AX 0+ 4]
——/V‘l(adD)‘léj-éiA/mX [0+ A Y]
= /(adDz)_l [D.,D:] - [v,X]. (B.19)

One could evaluate this by formally deforming the last expression as [(adD,)~!adD, (D;)-
[Y, X] = [Ds- [Y, X] = [[Dsz, Y] X = P'. In order to justify such formal manipulations,
especially to give grounds to the second expression, we make a few preparations in the
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following. First we extend the Lie algebra su(/N) to u(/N) and introduce the set of u(V)-
valued differential operators:

S = {u(NN)-valued differential operator}. (B.20)

An element D € S generically has the following form:

1 1
D==-tD* (a=0,1,...,N>—-1; "= —=1 ) B.21
e 1y (B.21)

where D? is a differential operator. For example, the covariant derivatives D, and D3
belong to § and have the form

1 1
D, =150+ -t"A*, D; =150+ -t"A* (a=1,...,N? —1), (B.22)
(3 (3

where 0 and A® are differential operators with components 9 = ((z|0|y) = 06%(x — y))
and A* = ((x] A ly) = A%(x)6*(x — y)), respectively. We introduce the trace for S as

D= / "”‘D‘“’ (D€ S), (B.23)

which satisfies the relation Tr DDy = Tr DyD; for D1, Dy € S. The action adD for D € S
is then regarded as belonging to End(S), and similarly (adD)~! € End(S) when its inverse
exists in any formal sense (which we always assume in the presence of a proper IR regulator).

Now (B.19) can be interpreted as taking a trace in S and can be rewritten in the
following way:

,Mpu:_z/}r«muLyJ[szgD[?,X]:_atn(@dng—%ﬂpzuk»[wa
=-2Tr D; [Y,X]| =-2Tr X [D:,Y] :/X- [D:,Y] :/X-éy
— P, (B.24)

which completes the proof of our claim.
Similarly, we can prove that N' = [ 0710 - 6/86J counts the order in D of each term
in the Laurent series. It is again sufficient to show that N'P” = +P"” for a functional

P'J] = / X [D,Y] = / X [8+j,Y] ((X,Y): j—independent). (B.25)
This can be performed as follows:
NP = /a 10T - —/X- [0+7,Y]

:/&‘&M-WX]

= —2 Tr ((add) ' add (D)) [V, X]

= 2Tr D[Y,X] =-2Tr X [D,Y]

=p". (B.26)
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